We realise the Shatashvili-Vafa superconformal algebra for G 2 string compactifications by combining Odake and free conformal algebras following closely the recent mathematical construction of twisted connected sum G 2 holonomy manifolds. By considering automorphisms of this realisation, we identify stringy analogues of two mirror maps proposed by Braun and Del Zotto for these manifolds.
Introduction
The recent construction [1] [2] [3] of millions of examples of so-called twisted connected sum (TCS) compact 7-dimensional manifolds with holonomy group G 2 sparked much interest in the physics community in particular for their role in supersymmetric compactifications [4] [5] [6] [7] [8] [9] [10] [11] [12] . The previously known constructions of G 2 manifolds have on the other hand inspired the development of 2-dimensional superconformal algebras (SCA) particularly well tailored to investigate stringy properties of these geometries. Joyce's original construction [13, 14] , based on torus orbifolds, directly inspired the work of Shatashvili and Vafa [15] which led to a surge of interest in this subject [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . In particular they highlighted the higher spin algebra governing supersymmetric type II compactifications on G 2 holonomy manifolds. We will refer to it as the Shatashvili-Vafa G 2 SCA. Arguing from this algebra, conjectures were made in [15] about analogues of mirror symmetry and topological twists for exceptional geometries.
Another possible approach to constructing G 2 manifolds is to start with the product of a Calabi-Yau 3-fold with a circle and then take the quotient by an involution (and eventually desingularise) [13] . G 2 manifolds admitting such a construction are also closely related to particular superconformal algebras, as first described in [19] . More precisely, the G 2 SCA was shown to be realisable in terms of free fields and the higher spin SCA due to Odake [31] known to be related to the holonomy group SU (3).
In this note we combine these elements and introduce the superconformal algebra appropriate for twisted connected sum G 2 holonomy manifolds. More precisely, we prove that the Shatashvili-Vafa G 2 algebra can be obtained from copies of Odake algebras (Od n ) and free fields in a way that mimics the TCS construction. A key step is to match the two halves of the construction with an algebra automorphism F as explained more fully in the vicinity of equation (61),
(Here N 1 and N 2 refer to an ideal modulo which our statements hold.) At its heart, our contribution is an explicit computation of all operator product expansions (OPE) underlying a series of vertex operator algebraic statements. We thus expect it to find interest in mathematical contexts.
The clear relationship of our result with TCS manifolds calls readily for mirror symmetry applications in type II string theory, in the sense recently suggested by Braun and Del Zotto [8, 9] . With this in mind, we describe in section 3.2 two consistent automorphisms of our algebraic construction. We propose to regard these as conformal field theoretic versions of the G 2 mirror maps T 4 and T 3 that were argued for from a geometrical point of view in [9] . In this sense, we expect our results to help venture away from the geometrical locus of type II string compactifications on TCS manifolds.
The rest of this note is organised as follows. We cover aspects of the TCS construction in section 1.1. In section 1.2, we briefly review the G 2 SCA. Generic comments about conformal algebras and null ideals are made in appendix A. We also provide in this appendix all OPEs needed in the main calculation. We exhibit our TCS algebra realisation in section 2. Automorphisms of the realisation and mirror symmetry are discussed in section 3.
We close in section 4 with a fuller discussion of our results.
TCS geometry
We begin with a short informal account of the twisted connected sum (TCS) construction of 7-dimensional manifolds with holonomy group G 2 . This technique was pioneered by Donaldson and Kovalev [1] and substantially improved and developped by Corti, Haskins, Nordström and Pacini [2, 3] . We refer to the work of these authors for details. For basics about G 2 -structure geometry, we recommend [3, 14, 32] .
First, we need a pair X ± of asymptotically cylindrical Calabi-Yau 3-folds (c.f. figure 1) .
A complete Calabi-Yau n-fold (X, g, ω, Ω) is called asymptotically (exponentially) cylindrical (ACyl) if and only if it contains a compact 2n-dimensional set whose complement is diffeomorphic to a Calabi-Yau half-cylinder X ∞ = R + × C 2n−1 , and if this diffeomorphism
Figure 1: The twisted connected sum construction of G 2 holonomy manifolds identifies sufficiently fast (along R + ) the Kähler and holomorphic n-forms of X with the corresponding forms ω ∞ and Ω ∞ of the half-cylinder. In the TCS case, the cross-section of X ∞ is C 5 = S × S 1 , where (S, g S , ω S , Ω S ) is a K3 surface. Parametrising R + with t and S 1 with θ, we symbolise the statement about the structure tensors of X as asymptotics:
We will not need much more mathematical rigour for our purposes. It suffices to picture a distinguished real direction in X along which the manifold asymptotes to a translationinvariant Calabi-Yau X ∞ with structure forms as given above. As explained, we need two such ACyl Calabi-Yaus X ± . We will add ± to all their associated quantities to distinguish them.
We note that the ambient Calabi-Yau structure induces a particular choice of Kähler form ω S and holomorphic top form Ω S on S. Writing ω S = ω I and Ω S = ω J + iω K , makes the hyper-Kähler structure of the K3 surface more manifest. Here the hyper-Kähler triplet of closed forms (ω I , ω J , ω K ) satisfies by definition the relations
Now for any Calabi-Yau 3-fold (X, g, ω, Ω), it is always possible to equip M = X × S 1 , with a torsion-free G 2 -structure. If ξ is the coordinate along the S 1 , the associative and co-associative forms on the product are defined respectively as
These are mutually Hodge dual with respect to the product metric
These formulae characterise a torsion-free G 2 -structure. Equivalently, the holonomy of g M is contained in G 2 ; here this is a proper inclusion because Hol(g M ) = SU (3) is only a subgroup of G 2 . The procedure can be applied equally to X ± , leading to (M ± , g ± , φ ± , ψ ± ), and to their asymptotic models X ∞± , leading to (M ∞± , g ∞± , φ ∞± , ψ ∞± ).
The next step is essentially to form the connected sum M + # M − of the two open 7-dimensional manifolds by "pasting" the asymptotic models. However, this cannot be done in the most naive way because this would lead to a manifold with infinite fundamental group. It is an important fact in G 2 geometry that a compact manifold M with torsion-free G 2 -structure has holonomy exactly G 2 if and only if π 1 (M ) is finite. This is where the "twist" plays a useful role. To describe this, we first assume the existence of a diffeomorphism of K3 surfaces 1
which is an isometry, 2 r * g S− = g S+ (10) and which satisfies
Such a map is called a hyper-Kähler matching. We use it to fuse M + and M − together.
More precisely, let T ∈ R + and introduce a boundary at t = T + 1 to define the manifolds
(T is eventually taken large enough for existence theorems to apply.) Let I = [T, T + 1] ⊂ R + . Next, introduce a diffeomorphism
It is a simple exercise to show that the associative and co-associative forms are compatible under this map,
Since the G 2 metric can be derived from any of these, this implies in particular that F T is an isometry.
1 It is a non-trivial requirement about the ACyl manifolds that they should be compatible in this sense. 2 Opening a parenthesis here, the prescription for the behaviour of the B-field
given in [9] to fix the proposal of [8] , appears like the correct one from our worldsheet / CFT considerations. Indeed, one would expect automorphisms of the (1, 0) nonlinear sigma-model to act on g and b identically, because they appear on the same footing. The map r will be interpreted as a semi-classical automorphism of the worldsheet theory later on.
The pasting is finished as follows. Endow M ± (T ) with the G 2 -structure interpolating Note that the larger the parameter T , the lesser the perturbation needed to reach vanishing torsion. A TCS with T very large, i.e. with a highly stretched "neck", is said to be in a Kovalev limit. This is often a useful limit to work with in practical applications.
As is manifest in section 2, our algebraic construction however has no notion of scale T , so a priori no Kovalev limit. This suggests that it remains adequate even in the limit of a short neck, i.e. in the phase of the conformal manifold where geometric control starts to disappear.
Shatashvili-Vafa G 2 superconformal algebra
We encounter a few different examples of superconformal algebras in the next section, such as free fermions and bosons, and Odake algebras. By and large, our focus is however on the so-called Shatashvili-Vafa superconformal algebra associated to G 2 , which we now briefly describe. For clarifications about superconformal algebras themselves, we refer to appendix A.
As a higher spin W-algebra, the G 2 SCA was first noticed in [33, 34] . It is part of a 2-parameter family [25] denoted by SW N =1 ( An important contribution of Shatashvili and Vafa in [15] is the realisation of this algebra T, G, Φ, K, X, M using free fermions ψ i and bosons j i , i ∈ {1, 2, . . . , 7}. The most striking by-product of this realisation is that it makes manifest the relationship with G 2 -structure manifolds. Indeed, the formulae for Φ in terms of the fermions ψ i is identical to the definition of the canonical G 2 3-form on R 7 :
provided we identify ψ i with dx i and normal ordering with the wedge product. Similarly, the generator X can essentially be thought of as a quantum version of the co-associative 4-form ψ. 3 This kind of correspondence between geometric and algebraic quantities becomes useful later when we discuss the TCS realisation of the G 2 SCA.
There is an aspect of the G 2 SCA that cannot be captured by its free field realisation.
Abstractly the OPE relations that define it are only associative modulo the ideal generated by the null field [19] N = 4:GX: − 2:ΦK:
where colons represent normal ordering.
Conformal algebras and twisted connected sums
In this section we explain how to realise the Shatashvili-Vafa G 2 algebra associated to twisted connected sum geometries. Achieving this involves two main steps:
1. Find realisations of the G 2 SCA associated to distinctive local open subsets U α in the TCS geometry;
2. Match these local realisations on overlaps U α ∩ U β in the TCS geometry by using invariances.
This strategy may seem unusual in a number of ways because it mixes intuition from differential geometry and conformal field theory. We address this here, starting with point 1.
One often regards SCAs as providing an exact quantum description of chiral symmetries of a conformal field theory used as internal sector in a string compactification. This is true whether or not the internal theory admits a geometric interpretation as the infra-red fixed There are two qualitatively different regions in each of the two parts M ± of the TCS construction. One is approximated by the direct product of an ACyl Calabi-Yau 3-fold with an S 1 (type I ± in figure 1 ) and the other one is the asymptotic region
. We will show below that each region admits a distinguished local realisation of the general G 2 algebra highly reminiscent of the associated geometric structure.
Step 2 above also deserves more explanations. We take again a semi-classical point of view and borrow from the non-linear sigma model description. With sigma models, it is often customary to designate a compact manifold M as target space. In the strictest of senses this cannot be done explicitly (i.e. with a Lagrangian) unless the target space has particular symmetries, such as for group manifolds. For a generic target space, a particular open patch U α ⊂ M and local coordinates must indeed be chosen before a Lagrangian L α can be formulated.
This technical limitation is quite inconsequential in practise because all the local Lagrangians L α are sufficiently consistent with one another for a well-defined theory L = Uα∈M L α to exist for the whole of M. The key feature of L α allowing this global interpretation is the existence of symmetries (or more general formal invariances involving variations of the couplings of the sigma model). These invariances of L α admit target space interpretations, such as for example diffeomorphisms, isometries, gauge invariances, etc. To insist, it is these invariances of L α that inform us on how to interpret globally the theory. 5 The proposal of point 2 above is that invariances of the local realisations of the G 2 SCA should similarly allow us to construct a globally consistent realisation for the whole TCS geometry. We will make this fully precise in section 2.3. We must first describe the realisations corresponding to the two types of regions.
Type I
± :
The superconformal algebra Od n associated to Calabi-Yau n-folds was first described by Odake [31] . It is an extension of N = 2 Virasoro by the spectral flow operator, which we denote by Ω = A + iB. This field is primary with weight n/2 relatively to the energymomentum tensor T and it is related to the holomorphic n-form on the manifold [36] . Its superpartner is Υ = (C + iD)/ √ 2. The remaining N = 2 generators are the U (1) R current J (corresponding to the Kähler form) and the supercurrents G = G 0 and G 3 . Similarly to the G 2 SCA, associativity of the OPEs only holds in the case n = 3 modulo an ideal. Here this ideal is generated by the fields
Our normalisations can be inferred from the explicit OPEs provided in appendix A.
Associated to the S 1 factor, we can realise N = 1 Virasoro in the usual way using free fields. We parametrise the S 1 by the free boson ξ and define the associated U (1) current as j ξ = iξ . Its superpartner is a Majorana-Weyl fermion denoted by ψ ξ . The N = 1 generators are given explicitly by
The free field singular OPEs are
These two algebras -free fields and Od n=3 -can be combined to provide a realisation of the G 2 SCA. It will be regarded as the local form taken by the G 2 SCA in the geometric regions I ± in figure 1 . As first shown in [19] , the following generators 6
satisfy the G 2 OPE relations, up to the ideal generated by N 1 and N 2 . We summarise this key statement as
Moreover, the null field N in the G 2 algebra (c.f. (15)) belongs to the Od n=3 ideal:
In the work of [19] , this realisation was motivated by the construction of G 2 holonomy manifolds as desingularisations of Z 2 quotients of Calabi-Yau 3-folds times a circle [13, 14] .
It is a property of the realisation that it is left invariant by a Z 2 map corresponding to the quotient, and hence it does descent to the quotient as stated in [19] . We have verified however that the OPEs themselves do not rely on the Z 2 identification and therefore hold for X ± × S 1 even though the holonomy of this space is only contained in G 2 .
We should point out a minor discrepancy between our generator M in (25) and the one given in [19] . We believe this is due to a sign error.
Let us also appreciate the similarity between the field theoretic definitions (20) and (21) of T M and G M with the direct product metric (7) on M ± . The same comment applies to φ and ψ in (6) which are essentially identical to Φ and X, up to the identifications
The only difference is the quantum correction in the case of X already mentionned in footnote 3.
The embedding of the G 2 algebra described by (26)- (25) is not unique. This is due to the automorphism A + iB − e iu (A + iB), u ∈ R, (with a similar transformation for Υ) of the Odake algebra, which can be used to rotate the {A, B} basis into itself. We will discuss automorphisms more fully in section 3.
Type II
In this region, the geometric intuition calls first for a realisation of a copy of Od n=3 associated to the translation-invariant Calabi-Yaus X ∞± in terms of the algebras corresponding to R + , S ± , and S 1 . Then, by the results of section 2.1, we will be able to define a realisation of the G 2 SCA associated to M ∞± = X ∞± × S 1 . We start by examining how to realise the Od n=3 for X ∞± .
Each flat factor in the geometry leads again to free fields and Virasoro generators using (17)- (19) . We will keep denoting by ξ the coordinate on the external S 1 and we reuse the coordinates t, θ from section 1.1 for R + and the internal S 1 respectively.
To the K3 surface, a Calabi-Yau 2-fold, corresponds the n = 2 Odake algebra. In this case, the generator Ω = A + iB extending N = 2 Virasoro forms with J an SU (2) KacMoody current algebra at level k = 1. The superpartner of Ω is a complex supersymmetry current. The n = 2 Odake SCA is isomorphic to the so-called little N = 4 Virasoro SCA [31, [40] [41] [42] .
Considering now the asymptotic formulae (2)-(4) for g ∞ , ω ∞ and Ω ∞ in region II, and taking stock of the correspondences between geometry and SCAs stated in (28), we are naturally led to some ansätze for generators of Od n=3 . We take
where the subscript S identifies the generators of Od n=2 . The remaining generators can easily be derived by taking OPEs with G in (30) . We find
It can then be checked that these generators indeed give rise to the Odake n = 3 algebra.
Some of the OPEs hold exactly, while others only hold modulo the ideal generated by the fields in (16) , themselves written in terms of Od n=2 and free generators: 
We write this result as
As an example of the implications of the ideal, let us examine the OPE of A with itself.
The expected result in the Odake n = 3 algebra is
Computing directly with (32) , the result at order −1 differs from the expectation by
That this should vanish nicely reflects the hyper-kähler structure of K3 surfaces. The geometric interpretation of J S , A S and B S is as a triplet (ω I , ω J , ω K ) of (1, 1)-forms related by the condition (5):
We can actually derive this hyperkähler condition directly from the structure of the conformal algebra owing to the identification : : ↔ ∧. Since we should consider the algebra only modulo the ideal N 1 , N 2 generated by the fields in (16), any fields appearing in OPEs involving N 1 or N 2 can be taken to vanish. After some work, we find
proving in particular that (40) belongs to the ideal.
With the Odake algebra associated to X ∞± now established, we can proceed as in section 2.1 and define G 2 SCA generators by substituting the n = 3 Odake generators (29)- (35) in (20)- (25) . For instance, we get Φ = ::ψ t ψ θ :ψ ξ : + :J S ψ ξ : + :ψ θ A S : + :ψ t B S : .
Again the G 2 OPEs are realised up to the ideal generated by N 1 and N 2 . This yields the realisation
These embeddings are not unique due to the automorphisms of Od n=2 and Od n=3 mentioned at the end of section 2.1. There is in fact a 2-parameter family of possible realisations of the G 2 algebra in region II and we have selected one for definitiveness.
Compatibility at junctions
We distinguish three regions in the TCS geometry where the local patches supporting a It remains to ascertain algebraic compatibility over the patch in the TCS geometry where the two parts merge into one another. On each side (+/−) of the joint, the G 2 algebra is realised in the same way (type II). We use ± labels to distinguish the generators.
Geometrically, the isomorphism F T in (12) allows to assemble the two sides. Algebraically, this should correspond again to an automorphism of the G 2 algebra. We thus consider the map F :
It is easy to see that T M+ − T M− and G M+ − G M− under these transformations (c.f. (20) , (21) , and (29)- (35)). We can also straightforwardly verify that the generator Φ in (44) is preserved:
where the last equality follows from associativity of normal ordering and skew-commutativity for free fermions. Since T M , G M and Φ can be used to define the remaining generators (X, K, M ), it may seem clear from here that F defines an automorphism by sending all generators to themselves. However, some more work is needed to prove this statement 7
since the fields N 1 , N 2 (c.f. (36)- (37)) get acted upon non-trivially by the map F :
A S J S :: + :ψ t B S : + :ψ ξ :A S B S :: 
Recall that modding out by these fields is essential for associativity, so the status of associativity is a priori unclear.
We can show however that the original ideal N 1 , N 2 generated by N 1 and N 2 is in fact isomorphic to the ideal Ñ 1 ,Ñ 2 . It is also straightforward to see explicitly that all the remaining generators {X, K, M } are preserved by the map (46) , which guarantees that F is indeed an automorphism of the G 2 SCA.
To prove the equivalence of the ideals, we notice first from (36) and (37) that N 1 and N 2 are contained in the ideal generated by
Thus
On the other hand, N 1 S , N 2 S may be found in N 1 , N 2 , which proves the other inclusion. Indeed we have
Hence are normal ordered productsÑ
of free fermions with N 2 S and the field
which itself arises as
(57) 7 We remove the ± to avoid cluttering the proof.
This shows Ñ 1 ,Ñ 2 ⊆ N 1 S , N 2 S . We get the remaining inclusion as follows:
Summarising, in spite of the fact that N 1 and N 2 are not invariant under F , the ideal they generate is. We write this as
Moreover, all the generators of the G 2 SCA are invariant, which guarantees that the map acts as the identity automorphism at the level of the G 2 SCA. Alternatively, the realisation defined by (45) sits in the quotient by F :
3 Automorphisms and G 2 mirror symmetry
Multiple conformal algebras are delicately incorporated in the TCS realisation of the G 2 algebra presented in the last section. Each of these admit automorphisms and some of them are known to be related to T-duality and Calabi-Yau mirror symmetry in type II string theory [43] . For example, some of the early hints of the existence of Calabi-Yau mirrors were revealed by applying the automorphism
on, say, the right-chiral sector of N = (2, 2) supersymmetric theories (keeping the leftmovers invariant).
It is natural to ask if similar automorphisms are associated to mirror symmetry in the G 2 case, at least in the examples suggested of this phenomenon. Mirror symmetry for Joyce orbifolds received most of the attention [16, 18, 20, 29] . In particular in [29] , by generalising the concept of discrete torsions [44] , the authors were able to interpret all the then-known G 2 mirror dualities as the result of an automorphism M (see below) applied on the (right-chiral) G 2 SCA. In the examples they covered, this automorphism was generated by T-dualities along the flat directions.
Equipped with our construction from section 2, we are now in a position to get a similar conformal field theoretic understanding of mirror symmetry for twisted connected sums [8, 9] . To this end, we systematically consider in this section some automorphisms of the algebras discussed above: free fields, Od n=2 , Od n=3 , and the G 2 SCA. Then we address how these automorphisms may be composed together while respecting the compatibility maps established in section 2.3. This yields two "mirror" maps valid for the whole TCS realisation. We find striking similarities with the geometric maps T 4 and T 3 proposed in [8, 9] and we connect with the interpretation in [29] .
Basic automorphisms and their relations
We start by listing some simple automorphisms of the algebras used previously which hold regardless of any particular realisation. Almost all of them consist in sign shifts so it is convenient to display them in tables. As an example of how to read the tables, the parity automorphism in the first row of the first table translates in
All of these automorphisms can be checked easily by considering the explicit OPE relations in appendix A.
Free fields:
As the name suggests, when ξ parametrises an S 1 , the second map above applied on right-movers is a T-duality.
Odake n = 2: 
which was briefly pointed out in section 2.1.
Odake n = 3:
The automorphism M of the G 2 SCA was first observed in [17] (see also [23] ). It was interpreted as mirror symmetry of Joyce orbifolds by Gaberdiel and Kaste (GK) in [29] , as mentionned above.
We now point out a few relations between these automorphisms when the algebras are assembled together as per the TCS construction given in section 2. Starting within region I, we notice that the T-duality map applied to the free algebra labelled by ξ, when combined with Ph π on the Od n=3 factor, induces an involution of Od n=3 × Free ξ . It can be checked explicitly with (20)- (25) that this involution restricts to a well-defined automorphism of the G 2 SCA sitting inside (c.f. (26)). The map defined in this way is the Gaberdiel-Kaste automorphism. We write this as
Note that all the automorphisms in the tables above are involutive, so we can compose them in any order we want.
Another way to produce the Gaberdiel-Kaste automorphism in region I is with a mirror automorphism of the Odake factor:
Combining these two, we get the identity map
For the realisation of Od n=3 in region II defined by the embedding II X in (38), we identify the following relations:
Two TCS automorphisms
We finally discuss algebra automorphisms consistent all over the twisted connected sum geometry.
Starting from one side of the construction, say the + side, we can perform for example the map (67) locally in region I + . At the level of the G 2 SCA, this acts as the identity despite being generated by non-trivial maps. The geometric interpretation is clearly a T-duality on the external S 1 ξ and mirror symmetry on the ACyl Calabi-Yau X + . The map M • T ξ from (67) in region I + , via the transition relations (29)-(35) described in section 2.3, gives rise uniquely to an automorphism of the realisation in region II + . As an example of how this is done, consider J in region I + , which becomes :ψ t ψ θ : + J S in region II + . For J to change sign, we need J S to change sign, as well as either ψ t or ψ θ .
Continuing in this way, we find how all generators of Od n=2 × (Free) 3 should transform.
The result is
Geometrically, this corresponds to taking the mirror of the K3 surface S + and T-duals of the circles S 1 θ and S 1 ξ . Interestingly, a phase automorphism is also necessary. Proceeding similarly as we progress from region II + to region II − , now with the pasting automorphism F in (46), we find again a unique consistent map in II − ,
It is worth pointing out that the phase and mirror symmetry automorphisms in region II + get swapped as we get to region II − . Finally, we reuse the asymptotic formulae (29)- (35) to reach a unique local form of the automorphism in region I − .
Over the whole TCS construction, we have thus built a rigid arrangement of local maps starting from the choice (67) in region I + . It turns out that the automorphism generated on the G 2 SCA is the same in all regions. By the relations (67) and (68) it is easy to see that it is the identity. We summarise these results in table 1. By the geometrical interpretation given above, it seems clear that this scenario is a stringy version of the mirror map T 4 defined in [9] . The authors of this paper choose for this map a special Lagrangian fibration of the ACyl Calabi-Yau manifolds and T-dualise along the T 3 fibres and the external S 1 ξ . As a consequence, the Calabi-Yau 2-and 3-folds get replaced by their mirrors by the SYZ argument [45] . We presently learn that this map T 4 corresponds to the identity automorphism of the Shatashvili-Vafa SCA. 8 Note that our point of view however does not rely on any SYZ fibration. Only the Calabi-Yau mirror automorphism enters our consideration. In fact, we need no geometric assumptions at all suggesting that T 4 persists after stringy corrections. Another advantage of our approach is that we can systematically classify all possible combinations of automorphisms that are mutually consistent in the TCS realisation and lead to global G 2 automorphisms. We have not pursed this in full generality, but we can immediately identify a second map besides T 4 .
Region I
Instead of (67) Region I The geometric interpretation is now much different. Mirror symmetry only acts on one side of the construction (here X + and its asymptotic cross-section S + ×S 1 θ ), while T-duality acts on the other side (along with a phase shift). The induced G 2 automorphism is again identical over the whole geometry, but this time it is the Gaberdiel-Kaste mirror map M.
This case corresponds to the mirror map T 3 from [9] . Geometrically, only the + side ACyl Calabi-Yau was assumed to be SYZ fibered. On the other side, the K3 surface S − was assumed to be elliplically fibered.
Discussion
Several parallels exist between the geometry of Riemannian manifolds admitting parallel spinors and the conformal field theories describing string compactifications on them. Yet this correspondence is tenuous. For example, it was recently established [37, 46, 47] that the Shatashvili-Vafa SCA accounts for heterotic string compactifications on G 2 -structure manifolds with torsion and vector bundles over them; a radical departure from the original set up of G 2 holonomy and type II strings. A fundamentual source of ambiguity is the generalised mirror conjecture of [15] : the deficiency of the conformal field theory to decipher aspects of the target manifold is precisely explained by the existence of multiple (mirror) geometries corresponding to the same conformal field theory (at least up to marginal deformations and automorphisms).
In spite of this, we have explained in this paper how to take advantage of relations like (28) and inspiration from already existing realisations of the Shatashvili-Vafa G 2 SCA [15, 19] to establish a realisation for twisted connected sums. Our realisation could perhaps seem unsurprising based on the mathematically established existence of Ricci-flat metrics on TCSs, which suggests a fixed point of the RG flow. However, we should recall that a true CFT corresponds to a Ricci-flat target manifold only to leading orders in worldsheet perturbation theory. Moreover, the aforementioned ambiguities in the correspondence between CFT and geometry makes worthwhile an explicit construction.
Our approach gives a certain exhaustivity in the identification of mirror maps for TCS geometries. A preliminary analysis was sufficient to recover a stringy version of both mirror maps T 4 and T 3 suggested by Braun and Del Zotto [9] . It is quite possible that a more systematic inspection of the automorphisms of the algebras we used -G 2 SCA, Odake n = 3 and Odake n = 2 -would reveal new mirror maps by following the logic of section 3.2.
Perhaps the most interesting future direction to pursue with our TCS realisation is the highest weight representation theory of these symmetry algebras. Interesting lessons about mirror symmetry could be learned from a firmer grasp on the Hilbert space of the CFT.
A prime example is to determine the effect of the mirror maps T 3 and T 4 on the Betti numbers of the TCS manifold. This would be in analogy with the exchange of h 1,1 and h 2,1 in Calabi-Yau mirror symmetry, which follows from the automorphism (62).
The key step for this task is the correspondence between Ramond-Ramond ground states and cohomology groups explained in [15] . This correspondence remains ambiguous, partly due to the generalised mirror conjecture stated above. In the case of the G 2 SCA, only the sum
of Betti numbers can be obtained from the algebra; not the indvidual values. We can suggest however that the explicit realisation of the G 2 SCA we have given will allow a more detailed understanding of the ground states and, in turn, of the Betti numbers.
Carrying out this program explicitly requires the representation theory of the local conformal algebras used in regions I and II. In spite of the known representation theory of the Odake and free algebras, this is technically complicated because adding generators substantially alters the labelling of highest weight states and the creation operators, and thus the whole tower of descendants. Subsequently, one would have to devise transition maps for the ground states following the philosophy of section 2.3 and understand how to make global statements about the topology. Comparison with the geometric approach based on a Mayer-Vietoris sequence [3] would certainly be useful for this.
We should admit the possibility that our presentation in this paper of the twisted connected sum realisation of the G 2 CFT is perhaps not the best way to interpret our result. We trust however that it promises a better control on twisted connected sum manifolds from a worldsheet angle. A clearer view would certainly arise from a specific G 2
CFT built on the principles of this paper. We may for example try to use Gepner models for all Calabi-Yau factors in the TCS construction and assemble them together following the ideas in section 2.3. 9 This could yield a Gepner-type model for G 2 manifolds in the spirit of the discussion in [23, 48] (see also [21, [24] [25] [26] [27] [28] ).
Finally, we wish to point out the recent work [11] where a construction of Spin (7) holonomy manifolds is given based on the twisted connected sum principle. We expect there to exist a corresponding realisation of the Spin(7) superconformal algebra, also due to Shatashvili and Vafa [15] . Mirror maps for these geometries would be an interesting by-product. 
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A Superconformal algebras
This appendix clarifies some topics in superconformal algebras that are relevant to the main text. We also detail our normalisations and the explicit operator product expansions used in our computations.
We refer to the algebraic structures discussed in this note as superconformal algebras, or SCAs for short, but they are known under multiple other names in the literature. Some are more familiar to the mathematical audience -such as "vertex (operator) algebras"
-while in physics they are also called "chiral", "current", or "W"-algebras. They are central to the abstract description of 2-dimensional conformal field theories based on their symmetries, in which case a pair of SCAs are needed; one for each chirality.
Essentially here, we have in mind a finite set of generators {A(z), B(z), . . .} (interchangeably called "currents", "operators", or "fields") which are meromorphic on a subset of C. The SCA is specified by operator product expansions (OPE) relating pairwise these generators. For general reviews, see [35, 49, 50] and [51] . In particular the last reference details all the conventions used by Thielemans in his OPEdefs Mathematica R package [52] , which was used for calculating OPEs for the present work.
There is a slight technicality that some SCAs suffer from and we address it here because it affects the algebras we are interested in. The most constraining axiom behind a consistent SCA is that of associativity. In physics terms, it guarantees that the order in 
A.1 Free boson and fermion
Let ξ be a real boson and ψ, a real chiral fermion. Let j = iξ . The free OPE relations are
A.2 N = 1 Virasoro
The generators of N = 1 Virasoro are T , the energy-momentum tensor, and G, the supersymmetry current. They are both real and form a multiplet (G, 2T ). They obey the following algebra:
T (z)G(w) = 3/2 (z − w) 2 G(w) +
G(z)G(w) = 2c/3 (z − w) 3 + 2T (w) z − w .
